Math Cheatsheet

Notation

Given z € R™, we note that there are n decision variables.

Commonly used sets:

+ Ris the set of real numbers.

« Rt is the set of positive real numbers.

Given vector spaces V and W of dimensions m and n respectively:

+ Afunction f : V — W is linear if f(v) = Ab for some n x m matrix A.

+ Afunction f : V — W is affine if f(v) = Av + b for some matrix A and vector b.

Eigenvalues
Let A = (: i) be a symmetric 2 X 2 matrix":

+ A is a positive definite iff D, > 0 for all leading principal minors:

Dy, = ac — b?
+ A is a positive semi-definite iff V;, > 0 for all principal minors:
Vl a
Vl =cC
V, = ac — b?
Derivatives
d
—aP = pxP~! for any p # 0
dx
d d
—oT — ¥ 1 i
dme “ dx n(z) x

2 o) = 1 (o())g' @)

2 @)g(a) = f @)o(x) + ) @)
Consider f(z) = L | Az —b |? for A € R™™:
Vi(z) = AT(Az —b)
Note that ||z2| = (z,z) = 27 x.
Consider f(z) = 2T Az for A € R™™:

Vf(z) = (AT + A)z

'definitions gathered from https://www.dr-eriksen.no/teaching/GRA6035/2010/lecture5.pdf
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Convexity & Convex Sets/Functions/Optimisation

General optimisation
Optimisation problems are given in the form of:

min fo(x)
xz e R”

Optimisation variable .
subject to

Inequality constraint functions
Equality constraint functions

The optimal value is p* = inf{fo(w) | fitwy £ 0, R4y =0, Vi}.

Optimal and locally optimal points

x is feasible if z € dom f; and it satisfies the constraints.

A feasible z is optimal if f,(z) = p*.

fo:R* =R
Objective / cost function
fo is not necessarily convex

z is locally optimal if there is an € > 0 such that z is optimal for min, f,(z) subject to:

7

2=z, <e

)
9 4

h;(x) =0 i=1,...,p

-2 +

(1a _2)

Example 1: fy(z) = 23 — 3z
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Implicit constraints

INCOMPLETE

Convex optimisation

Convex optimisation problems are given in the form of:

min fo(z)
subject to
fi(x) <0 i=1,...,m
h,L(.’L'):O 221,. y D
where

fos f1, s [o, must be convex

hy, ..., h, must be affine

A common form for h; = wlx + b.

Every local optimum of a convex optimisation problem is a global optimum, i.e. given a local minium
x and a global minimum y, f(z) > f(y).
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Gradient Methods & Stochastic Optimisation

Gradient descent

Gradient descent is a method to find local optima of a differentiable function f.

By intuition, the gradient tells us direction of greatest increase, and vice-versa for negative gradient.
So we take steps in directions that reduce function value.

The algorithm works as follows:
« Pick an initial point z, € R"
* Repeatz, ; =2, — v, Vf(z,), fort =1,2,3, ...

Where 1, is the t™ step size / learning rate.

We must choose a stopping criteria, e.g. iterate until | Vf(z,) | < efore > 0.

Y

16 T
14 1

Example 2: f(x) = 22, step size: 0.8

z0) =4
M =—4—8.2.(—4)

™ = ..

The step size we pick is important, as we may be in a situation where we are prone to overshoot and

potentially end up in the wrong local minima:

-4 -2 0 2 47
Figure 1: Step size matters.

LNCOIEL 2T gradient descent interpretation
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Backtracking line search

In exact line search, instead of picking a fixed step size that may or may not result in a decrease in
function value, we consider minimising the function along the direction specified by the gradient to
guarantee that the next iteration decreases the function value.

In other words, we choose

T,y € argmin f(z, — YV f(zy))
v=>0

With backtracking line search, we start with a large step size, -y, and keep shrinking it until
fl@y =V (=) < flz,) = C
where C is an 'acceptable threshold'

This always guarantees a decrease, but it may not decrease as much as line search.

hyper-parameters® v, ;,, 0 < f <land 0 < a < %
1 for each iteration

2 Y € Yinit

3 while f(z, =YV f(z,)) > f(z;) —a-v-| Vf(z,) |5 then
4 v < By

5 end

6 Ty —x — YV f(xy)

7 end

Algorithm 1: Gradient Descent w/ Backtracking Line Search

16(\ T T T 16(\ T T T
12 7 12 7
> 8 F 41 > 8F 4
4r . 4r .
1 1 0 1 1
—4 =2 0 2 4 —4 -2 0 2 4
T Z

Figure 2: « = 0.2, 3 = 0.99 Figure3: « = 0.1, = 0.3

*hyper-parameters are parameters who values affect the learning process.
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Optimality citerion
An unconstrained problem does not include any equality or inequality

constraints.

Example: z is optimal iff x € dom f,, V f,(z) = 0.

x is optimal iff it is feasible and V f,(z)” (y — ) > 0 for all feasible y
Proof:

fo(y) > fo(z) + Vfo(x)T(?/ —x)

fo(y) — folz) > Vfo(l”)T(y — )
fo(y) — fo(z) > 0 for all feasible y

Thus z is optimal as f,(z) is smaller than any f,(y). thm-qed-symbol
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Gradients of Convex Functions

For a differentiable convex function g(x), its gradients yield linear underestimators. A zero

gradient corresponds to a global optimum.

Y
60 -
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20 -
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Subgradients

A subgradient of a convex f at x is any g € R" such that f(y) > f(z) + g7 (y — z) for all y.

+ Always exists for convex functions.
« If f differentiable at z, then g = V f(z) uniquely.

» For non-convex f, we use same definition, but subgradients need not exist.

Y

Figure 4: f: R — R, f(x) = |z|
For x # 0, unique subgradient is g = sign(x).

For z = 0, subgradient g is any element of [—1, 1].

()

1 2 *
Figure 6: f(z) = max(f,(z), fo(2))
for f,, fy convex, differentiable

If fi(x) > fy(x), subgradient g = V f, ().
If fo(z) > fi(z), subgradient g = nabla f_2(x).
Iff 1(x) = f_2(x), then V f, (z) and V f,(z) are both

subgradients (and so are all convex combinations).

x
1 | T
0.5 .
O L -
—0.5 .
1 ]
—1 0 1
x
Figure 5: 0 f(x)
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Figure 7:

x

0f(z)
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Subgradient Descent

Consider f convex, having dom(f) = R” but not necessarily differentiable. With the subgradient
method, we perform a similar routine to gradient descent, but replacing gradients with
subgradients:

1. Pick an initial point z, € R™
2. Repeat &, = &, — Y Sp(,,) fort =1,2,3, ...

Where 7, is the t** step size, and s f(x,) 18 a subgradient of f at z,.
4(\ T T T

Figure 8: v = 0.9

A fixed step size may not result in convergence for non-differentiable functions.
Instead, we can use a diminishing step size which has the property that step size must decrease as
number of iterations increaes but not too quickly that the algorithm fails to make progress.

—4 —2 0 2 4
T

Figure 9: Diminishing step size

The hard work in convex optimisation is to identify which conditions guarantee quick convergence
within a small error of the optimum.

t .
Let ft()e)st = My erg, ¢} f(zy)

For a fixed step size, 7, we are guaranteed that

where £(7) is some positive constant that depends on ~.

If f is differentiable, then we have (y) = 0 whenever + is small enough.
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Stochastic gradient descent

Consider minimising the average of functions

min % ; fi(x)

In the stochastic gradient descent algorithm, we instead repeat:
Ty =2 — %V, (z,) fort=1,2,3, ...

where i, € {1,...,m} is some chosen index at iteration ¢.

SGD is appealing as:
+ The iteration cost is independent of m (no. of functions)
« Can save on memory usage

There are two rules for choosing the index %,:
+ Cyclic rule: choose i, =1,2,...,m,1,2,...,m, ...

« Randomised rule: choose ¢, € {1, ..., m} uniformly at random
More common in practice. Note that, F [V i, (a:)] = Vf(z).

As such, we can view SGD as an unbiased estimate of gradient at each step.

Example of stochastic regression

Given data points (1), ..., (™) € R? and y), ..., y™) € R, find the best fit polynomial of
degree d.

3

- (i) _ T (i)
Iglelﬂgi=1<yl cxz)

Gradient computation V f(c) = % ZZ ) 2(y® — cTz®)z(® is doable when m is moderate, but
not when m is huge.

It is clear that 10k stochastic steps is much more afforable when:
» one batch (full gradient) update costs O(md)
« one stochastic update costs O(d)

\
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Constrained Optimisation
Suppose we want to optimise

min f(z)
subject to z € C

Where f(-) is a convex function and C' C R".

Example: minimise f(x,y) subject to z € [a,b] and y € [c, d]

The optima can occur at a critical point, V f = 0, or anywhere on the boundary of the rectangle
determined by (1,1), (2,1), (1,2),(2,2).

3 T r

\.

Projected Gradient Descent

The projected gradient descent algoritm works as follows:
+ Pick an initial point z, € C

* Repeat z, 1 = Proje (s, —, v, (z,) fort =1,2,3, ...

Where 7, is the #'! step size and proj c(y) 1s @ Euclidean projection of y onto the set C.

Proj,(;) = argmin| & — 2 |3

Given a set C' C R", the projection of a point z € R" onto C' is the point z € C such that the
distance between x and z is less than or equal to the distance between z and any other 2" € C.

INCOMPLETE missing diagram

PGD provides the following advantages:

+ Only one additional step on top of gradient descent

» Fast for simple constraints, e.g. x > 0

« Essentially same convergence guarantees as gradient descent if you can compute the projection

It has some disadvantages:

« Can be expensive if every step takes you outside of the set of constraints
« Can be expensive if constraint set is complicated

« Inaccuracy of the projection computation can cause convergence issues
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Examples of Projections

We may also project under different notions of distance.
+ Projectonto C' = {z : x <0}

i (2) xz, ifz, <0
roj.(z). =
PrOle\®); 0, otherwise
« Projectonto C' = {z : |z|, < 1}

_ z, if |z, <1
proj.(r) = ¢ 4

Tl otherwise
2

Example PGD

Example: Projected gradient desce?t on

fla,y) =(@—2°—(@@-2)(y—2)+ 5(.@— 2)?

4 )

Figure 10: PGD starting at (—5, —2), Figure 11: PGD starting at (—5, —2),
v=01 v = 0.1, constraint z < 0,y < 0
The critical point is not feasible!

revision 1 - rendered on 2024-08-01 - source code curated by izzy - insrt.uk
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Feasible Direction Methods

Generate a feasible sequence {z'} C C with iterations
Ty =Ty + ’Ytdt
where d! is a feasible direction (s.t. z, + v,d* € C)

Franke-Wolfe Algorithm

The Frank-Wolfe algorithm is an alternative to PGD.

To minimise a convex function over a convex set, it is sufficient to solve a series of linear
optimisation problems. Specifically, approximate f, by its first order Taylor expansion at current
estimate, and minimise this function over the set of constraints.

Then, take a step towards this new optimum.

Formally, fo(z) ~ fo(z,) + Vfo(z,)" (z — z,).

. Compute s, € argmin, . fo(z,) + V/o(z,)" (x-x_t)
* Setwyy =z, +als, — )

INCOMPLETE no diagram

The algorithm works as follows:

+ Pick an initial point z, € C

« Repeat:
> 5 = argmin,co(z, V fo(z,))
> T = (L= 7))z + s,

The default step size is v, = z%t’ t=0,1,2,...

Note for any 0 < v, < 1, we have =, ; € C by convexity. So we can write the update as:

Tip = T4 + V(s — )

INCOMPLETE skipped all example diagrams

LNCIOREL SITLE stopping criteria

INCOMPLETE adv / disadv
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Duality and Lagrange Multipliers

Lagrangian

Consider general minimisation problem min g~ f,(x) subject to:
f,L(CL') <0, 7/: 17...,m
hl(ib) :0, Z: 1,...,p

(does not need to be convex, but we pay attention to convex case)

We define Lagrangian as:

m p
=1 =1

+ Incorporate constraints into a new objective function

* ), is Lagrange multiplier associated with f;(,) < 0, with A; > 0

« v, is Lagrange multiplier associated with h;(,) = 0

« Lagrange multipliers can be thought of as enforcing soft constraints

Example Lagrangian

max xy
z,yeR

subject to
r+y=1

L(z,y,v;) = —zy+ v, - (1 -z —y)

Given the Lagrangian above, we can solve as follows:

oL
—=—y—v; =0
x
oL Wehavezr =y, z+y =1,
?:_fﬂ_vl =0 thus z = = = 0.5 is the
5L only critical point of L.
—=1—z—y=0
U1
Lagrange multiplier
min fo(z)
subject to

h;(x) =0 i=1,..,p

(2

Theorem 0.1 (Lagrange multiplier theorem): if 2* is a local minimum of the constrained
optimisation problem and Vh, (z*), ..., Vh,(z*) are linearly independent, then there exists a
v* € RP such that VL(z*,v*) = 0.

Theorem 1: Lagrange multiplier theorem
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Lagrangian dual function
The Lagrange dual function g : R™ x RP — R is defined as:

g\ v) = ilefL(l‘, A, )
= iglf(fo(fﬂ) + Z)\zfz(fﬂ) + szhz(x))

We construct a dual function by minimising the Lagrangian over the primal
variables.

g(A,v) = —o0 for some A and v

Theorem 0.2 (lower bound property): If A »= 0, then g(\,v) < p*.

Theorem 2: lower bound property
Proof: If Z is feasible and A 7= 0 then
fol@) > L(3, A 0)
> igfL(m, A, v)
=9(Av)
Minimising over all feasible Z gives p* > g(A, v).

Recall that p* is the optimal value of the primal problem. thm-qed-symbol
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Lagrange dual problem
The Lagrange dual problem is defined as

n;axg()\, v)

subject to
A>0

It finds the best lower bound on p*, obtained from Lagrange dual function.
« It is a convex optimisation problem; optimal value denoted d*.

A, v are dual feasible if A = 0, (A, v) € dom g

often simplified by making implicit constraint (A, v) € dom g explicit

Example: Standard form LP and its dual

minc’z max —bTv
subject to subject to
Ar=b,x >0 ATv+¢ =0

Weak and strong duality

Weak Duality means d* < p*

« Always holds (for convex/non-convex problems)

 Can be used to find non-trivial lower bounds for difficult problems.

Example: Solving SDP to find lower bound for two-way partitioning problem

max —17v
subject to
W + diag(v) =0

Strong Duality means d* = p*

+ Does not generally hold

« Usually holds for convex problems

« Conditions that guarantee strong duality in convex problems are called constraint qualifications

Duality gap: given primal feasible x and dual feasible A, v, the quantity
f(QT) - g()‘a U)
is called the duality gap between x and A, v.

Note that

Duality Gap
N

f(@) = f(z*) < fz) —g(A0)
so if the duality gap is zero, then z is primal optimal (and similarly, -, v are dual optimal).

This also provides a stopping criterion: if f(z) — g(A,v) < € then we are guaranteed that f(z) —
f(z*) < e. This is useful in conjunction with iterative methods.
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Slater’s Condition

For any optimisation problem of the form:

min fo(z)
subject to
fi(x) <0 i=1,...m
h;(z) =0 i=1,..,p

Where f, ..., f,, are convex functions, strong duality holds if there exists an  such that:
fi(x) <0 i=1,..m
h;(z) =0 i=1,..,p

Complementary Slackness

Suppose that there is a zero duality gap.

Let z* be an optimum of the primal and (A*, v*) be an optimum of the dual.

fo(z®) = g(A7,v7)

p
= inf| fo(@) + Y Aifi(@) + Y vihi()

i=1 =1
m P
< folz*) + Y N fi(a*) + ) vihy(a*)
i=1 i=1
= fo(z*) + Y _ N f;(a*)
=1

So we find that:

[~z
>
Sk
-
—~
8
J

=1

As A > 0 and f;(z}) < 0, this can only happen if \* f;(z*) = 0 for all .
« If f;(z*) <Othen A\ =0
« If \¥ > 0 then f;(z*) =0

KKT conditions

The Karush-Kuhn-Tucker (KKT) Conditions for differentiable f;, h
« primal constraints: for all 4, f;(z*) < 0 for all 4, h;(z*) =0

o dual constraints: for all 3, \] > 0

« complementary slackness: for all i, A} f;(z*) = 0,i=1,...,m

« gradient of Lagrangian: with respect to x vanishes:

V, L(z*, X, v*) = Vf,y(z +Z/\Vf +ZvVh

=0
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INCOMPLETE proof

INCOIELDIS example quadratic mini

INCOMPLETE

convex duality in practice

revision 1 - rendered on 2024-08-01 - source code

curated by izzy - insrt.uk
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